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1 Introduction 


Closed N = 2 strings mm possess local N = 2 supersymmetry on the string worldsheet. Critical 
N = 2 strings have a four-dimensional target space [3]. The supersymmetric structure implies 
that the target space has a complex structure. Therefor it must be of signature (4,0) or (2,2). 
In (4, 0) signature there are no propagating degrees of freedom in the N = 2 string spectrum. In 
(2, 2) signature there are only massless scalars in the spectrum, and the inhnite tower of massive 
excitations of the string is absent. 

Closed N = 2 strings have been divided to two T-dual families denoted by a and [3 jl]. 
/3 strings are the ones studied in jH], where it was shown that they have self-dual (curvature) 
four-manifolds as their target space. The a strings effective action has been constructed in jS], 
where it was shown that the target space dynamics is that of self-dual (curvature) four-manifolds 
with torsion p. D-branes in the N = 2 strings have been analyzed in mm. N = 2 strings 
have global = 4 worldsheet supersymmetry [S]. They have been shown to be equivalent to 
topological iV = 4 strings in p. They have been suggested as describing the topological sector 
of six-dimensional little string theories with sixteen supercharges HU. 

Despite the simplicity of iV = 2 strings, very little is known when the target space is curved. 
Curved backgrounds are of particular importance, when looking for open-closed string duality 
structure in the N = 2 strings. In this paper we will take one step in this direction, and 
study N = 2 strings on orbifolds of the form T^/Z 2 and C^/Z 2 . First, we will compute the torus 
partition function and prove its modular invariance. We will then analyze the BRST cohomology 
of the theory in different pictures. We will see that the different pictures are not isomorphic. 
We will hnd a massless scalar and global degrees of freedom in the untwisted sector, and one 
twisted state in the twisted sector. We will then construct the vertex operators, compute three 
and four point amplitudes of twisted and untwisted states, and introduce the low-energy effective 
action. We will then add a background of D-branes, compute twist states correlators in their 
background, consider the effective world volume theory and compare it with the unorbifolded 
case. Finally, we will discuss the results. 

The paper is organized as follows. In section 2 we will consider the torus partition function and 
show that it is modular invariant. We analyze the spectrum and construct the vertex operators. 
In section 3 we compute three and four point amplitudes of twisted and untwisted states, and 
interpret the results. In section 4 we will consider closed strings in D-branes background and 
compute twist states correlators. We discuss the effective world volume theory and compare it 
with the unorbifolded case. 
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2 Partition function and Spectrum of the N = 2 Orbifold 


In this section we introduce the torus partition function and show that it is modular invariant. 
We then introduce the spectrum of the N = 2 string on the Z 2 orbifold. We will discuss shortly 
the spectrum of the untwisted sector, which consists of a massless scalar and global degrees of 
freedom (graviton, dilaton and a 2-form). We will also perform a BRST analysis in the twisted 
sector and show the spectrum consists of a single state. We will then construct the corresponding 
vertex operators. 

For an earlier work on the partition function of the N = 2 string, see HH. For an earlier 
work on BRST analysis in iV = 2 string orbifolds, see j1 21 IT^ . The interested reader may hnd 
detailed derivations of the results in appendices B and C. 


2.1 Partition Function 

The partition function is 

cfrde (p qLoqLo^- 27 rie{Jo+Jo)'^ (' 2 . 1 ) 

where 0 and 27r6 are the periodicities over the a and (3 cycles of the torus, respectively, of any 
oscillator with a t/(l)-charge 1. 

For the Z 2 orbifold, the projection operator is given by P = (1 -|- r)/2 where r is the Z 2 
reflection. 


2.1.1 Oscillators 


For the computation of the N = 2 string partition function we consider two complex scalars, 
two holomorphic and two antiholomorphic complex fermions, two sets of holomorphic and anti- 
holomorphic anticommuting ghosts and two sets of holomorphic and antiholomorphic commuting 
superghosts. 

The sum over bosonic oscillators is similar to that in the bosonic string, and can be found in 
section 2.1 of appendix B. 

The fermions give 


LoqLo —2-ni9 {.](,+Jq)\ _ _^ 


tr^ 






-9 


(0,r) 
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tr^ (r ■ g^O^£og- 27 ri 0 (Jo+Jo)\ ^ 


|? 7 (r)| -0+1/2 


In the twisted sector 


tr<A (0,r) 

^ ^ J |ry(r)|^ [ -e J ^ ^ 

^ (0, r) 

^ V ^ ^ J \ri(r)\^ -0 + 1/2 ^ ^ 


For the ghost and superghost sectors one obtains, as in the unorbifolded N = 2 string, 

r 1 

tr^((-l)'^-‘'6oco0oco 00^0^0 = |r/(r)|'' d (0,r) . (2.4) 


2.2 Modular Invariance 


Collecting these results together, one obtains 

^orbifoid = \ j d^^d^dcf) [Z{T,f) + /] , 
where Z (r, r) is the partition function of the unorbifolded N = 2 string. 


Z{t,t) = 


{ATT^a'T2y ’ 


in the non-compact case, and 


Z(r, r) = q 4 a Pr 


in the compact case, where F is the lattice of allowed momenta. 
In the non-compact case: 


\v{r)\^ 


■0 (0,t) 

-0 ^ ^ 


^ I (0,r) d [I (0,r) d 

[ -0 + 1/2 J L J 

l^io(0,r)|^ ^ |0oi(O,r)|^ 


0+1/2 

- 0 + 1/2 


|4o(0,r)/ 
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In the compact case I should be multiplied by an overall factor of 2^. 

Z (r, f) is known to be modular-invariant after integration by drdf, both for the non-compact 
case and for the compact case (for the latter this can be shown by Poisson resummation, for an 
appropriate lattice P). 

We will now show that I is modular invariant after integration by drdfdOdcj). 

Under r —> r -|- 1, The second and the third terms interchange while the hrst term remains 
invariant. This can be shown by taking 6 ^ 9 — (j) — 1/2 and using 




(0, r + 1) = 'd 


a -|- 6 -|- 1/2 


( 0 ,^) , 




Qj \ 

b 


(0,r) = ■d 


(0,r) , D 


b+1 


(0, r) = 


(0,r), (2.9) 


Thus .^orbifoid is invariant under t ^ t + 1. 


Also, one can see that under r —>■ — l/r the first and second terms interchange while the third 
term remains invariant, by taking d —>■ 0 and 0 —>■ —6 and using (ESD and 




a 

b 


(0,-1/r) = 


b 

—a 


(0,r) . 


( 2 . 10 ) 


Thus .^orbifoid is invariant under r —*• —l/r. 


2.3 Spectrum of the N = 2 Orbifold 

We begin by discussing different pictures in the N = 2 string. As in the iV = 1 string, a picture 
is defined by the superghost sector ground state [TT]. In the N = 2 string there are two sets of 
superghosts, and the picture is defined by a pair of numbers rather than a single number. The 
pictures that will be most relevant for us are (—1, —1), (0,0) (for NS boundary conditions) and 
(—1/2, —1/2) (for R boundary conditions), defined in appendix C. 

The picture changing operator relates physically equivalent states of different pictures. As has 
been discussed in ra. the picture changing operator is an isomorphism for non-zero momentum 
states, but not for zero momentum states. Thus, different pictures may have different states with 
vanishing momentum. 

Another isomorphism between physically equivalent states of different pictures is the spectral 
flow, which is discussed in section 3 of appendix C. 
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Because of these isomorphisms, for states with non-vanishing momentum it is sufficient to 
study the BRST cohomology in the (—1, —1) picture, which consists only of a massless scalar. 
Thus the spectrum of the unorbifolded N = 2 string consists of a massless scalar, and zero 
momentum states which turn out to describe dilaton, metric and B-field global degrees of freedom 
uni (see section 1 of appendix C). The untwisted sector of the N = 2 orbifold at hand consists 
of Z 2 invariant combinations of these states. 

BRST Analysis of the Twisted Sector 

In the twisted sector there are no momentum degrees of freedom, and the BRST cohomology 
is different in different pictures: 

• In the (-1,-1) picture the normal ordering constant of Lq is -1-1/2, and The BRST coho¬ 
mology is empty. 

• In the (—1/2, —1/2) picture Lq has zero normal ordering constant, and the ground state is 
the only physical state. The corresponding vertex operator is given by 

(z) ■ a\z, z) a‘^{z, z) . (2.11) 

where a* is the twist held creating the cut in X* and X* in the 2 ;-plane ^7], and = d(f)^ 

m 

• In the (0, 0) picture the normal ordering constants of Lq is ~l/2, and we get two states in 
the BRST cohomology, whose matter parts read 

, G'+^^|ct)(o,o) • (2-12) 

These states are physically equivalent to the twisted ground state in the (—1/2,—1/2) 
picture, through the use of the picture changing operator and spectral how (see section 3 
of appendix C for details). 


3 Scattering Amplitudes on C^/Z 2 and T^/Z 2 

In this section we will compute scattering amplitudes of untwisted and twisted states in C^/Z 2 
and T^/Z 2 backgrounds. We work with a' = 2 in this section. 
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3.1 Four Twisted States Amplitude 


A twisted state is located in target space at a fixed point of the orbifold group. For the 
orbifold with radius i?, they are at 7ri?e, where e is a four-dimensional vector (in real coordinates) 
such that G {0,1}. For twisted states located at the fixed points i = I, ...4, = \Rei) 

the four twisted states scattering amplitude is 


Autt= I dxdx{cm[ '^\z^)ccVi ~^\x,x)cm\ ^^(0))52 , (3.1) 


(-1-1), s (-i -i) 

V 2’ 2'/^ 2’ 2// 


where 


V,[ ^\z,z) = (z) ■ e 


ARe ^ l‘^{z) ■ a\Xz,z)alXz.z) . 


(3.2) 


(T^. is a twist field for X\ located at 27r/£.. 

The matter part of the integrand in (ED) is 




(3.3) 


Define 


Z(x, x) 



(3.4) 


Z can be recast as Z = Z’iZ 2 , where Zi denotes a four-point function of twist fields on T^/Z 2 (or 

C/Z 2 ). 


3.1.1 TVZs Orbifold 


Define as R'^/27rA with 27rA being a four-dimensional lattice. When all the radii of are 
equal to i?, A = {(mil?, m 2 i?, mai?, m 4 i?)|mj G Z}. For every fixed point 271 f^, 2/^ is an element 
of A. Global monodromy conditions (changes of X along closed loops) imply that (13. Ij) is non-zero 
only if /g. belongs to A as well [T7] . 

On T^IZi 2 one gets [T7j 


Zi{x,x') 


|x(l —x)| 
r2(x,x)|F(x)|^ 


I'a. E 


^-^b’2V2-Tl{viV2+V-lV2) + \T\^VlVl] 


vieAi^,v2eAi'^ 


(3.5) 


where r(x) = iF{l — x)/F{x), and F{x) is the hypergeometric function 

F{x)=F{1/2,1/2,1;x) = - [ dyy-^/\l - - xy)-^/Y (3.6) 

^ Jo 
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We denoted Ac = (1 — 6*)(/c2 — fei +A) and Ac' = (1 — 6')(/c2 — /eg + A), where 9 is the Z 2 rotation. 
Va is the unit cell volume in A. The index i in A^c, Ajc', Va^ stands for a projection onto the 
Ah dimension. 

The holomorphic ghost part of the four point function reads 

•(c(2;oc,)c(1)c(0))s2 = ( 3 . 7 ) 


with a similar expression for the anti-holomorphic part. The total four point function is 


Atttt = / dxdx 


|a;(l — x)\ 


-2 


r|(a;,x)|F(a ;)|4 


''A E 


j-^b’2'V2-Tl{viV2+VlV2) + \T\‘^VlVl] 


(3.8) 


viGAc,V2GA^f 


where ni ,2 are two complex dimensional vectors. 

It is further shown in section 1 of appendix D that Autt is hnite and invariant under crossing 
symmetry. 

Let us discuss this result. The sum over vi corresponds to a sum over global monodromy 
conditions for a contour surrounding 0 and x. In the s-channel (x ~ 0), it represents a sum over 
intermediate winding states (that wind around and f^^). The sum over V 2 corresponds to a 
sum over global monodromy conditions for a contour surrounding x and 1. We can use Poisson 
resummation and change variables to p, representing the momentum of the intermediate states 
in the s-channel, as in na. Then ()d.8j) takes the form 

dxd A^^~fl ' ^ exp(-27r*(/„-/„).p)tt,l>’+”/«’/2fi,(r-./2)V2_ ( 3 , 9 ) 

|h((cj| pGA*,ueAc 



where w{x) = and A* is the dual lattice of A. For instance, when all the radii are equal, 

then A* = {{rrii/R,rn 2 /R.,rn^/R^rrix^/R)\rni G Z}. Note that the phase is always 

±1. In every term of the sum (EH, p represents the momentum of the intermediate untwisted 
state in the s-channel and v/R is its winding number. Thus, the left and right momenta are 
Pl,r =p±v/2. 

Atm seems to have poles only at p| = p|j. = 0 (see section 2 of appendix D). Performing the 
integral in (USD over a disk of radius a around a: = 0 gives 

27r (5p2_p2^ + f{a,pl,pl) (3.10) 

Pl 

where / has no poles in p|, p^. 
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This suggests that in the effective held theory description only poles of intermediate physical 
states contribute to the scattering amplitude. However, there may be an additional contact term 
contribution to the amplitude. 


3.1.2 CVZ 2 


In the non-compact case the global monodromy conditions are trivial, and there is only one hxed 
point at the origin. We have 


Zi{x,x) = 


2|a:(l —x)| 


|x(l — x)| 


F{x)F{l - x) + F{1 - x)F{x) T 2 {x,x)\F{x)\ 


2 ’ 


(3.11) 


up to a normalization constant of (27r) ^ which is justihed below. The total four point function 
reads 


Atttt = [ dxdxZi{x,x)Z 2 {x,x)\x{l — x)\ ^ = (27r) ^ [ dxdx ^ ^ 


-2 


Ti{x,x)\F{x)\ 


4 ’ 


(3.12) 


which is identical to (El) for trivial lattices Ac, Ac', and is hnite 
Rewriting l/r 2 as 

1 


= / dpadpbe-^^P'^ +P'’ = / d^pvjP ^ 

r2{x,x) J J 


we get 


Amt = / dxdx 


|a:(l — a;)| 


-2 


d'^p 




(3.13) 


(3.14) 


. \F{x)f J (27r)4 

As in the T^/Z 2 case, this can be interpreted as a sum over intermediate states with poles at 
p^ = 0. We normalized the amplitude by demanding that for p = 0 the leading term in (I3.14j) at 
a; —> 0 is 1 ■ \x\~‘^ [T7j . 


3.2 Twisted-Twisted-Untwisted States Amplitude 

The scattering amplitude of two twisted states and one untwisted state, Autt, can be derived 
using the factorization property of Amt- In fact, as seen in the previous section, the residue of 
the pole in ()3.1()jl is equal to Hence 


Autt 27r . 


( 3 . 15 ) 










Equation (IXT3D can also be obtained using the state-operator correspondence. When the 
twisted states are located on the same hxed point, we have 








')\a) 


(3.16) 


Here p ■ X means PiX* +piX^. Note that there is no momentum conservation, since there is no 
target-space translation invariance. This is seen in (I3.16|l by the absence of the center-of-mass 
mode which wonld give a delta fnnction in p in the nnorbifolded string. 

The discussion generalizes to a non-compact target space C^, by the use of the representation 
dSH- We conclnde that on-shell, the 3-point fnnction of two twisted states and one nntwisted 
state is independent of momentnm, winding number, or the twisted states location, and is equal 
to one. 


In order to construct the effective action involving the twisted state, we need information of 
the off-shell ttu vertex. Here we assnme that it is constant as well. The reason for this assnmption 
will be clearer later on. 


3.3 Two Twisted and Two Untwisted States Amplitude 

We will consider the two twisted - two nntwisted states amplitude when the two twisted states 
are located at the same fixed point. The amplitnde is computed as a correlation fnnction of the 
two nntwisted vertex operators, using their Green fnnction in the presence of twist-fields. This 
method can be used when the total winding nnmber of the two untwisted states is zero. 

In the (0, 0) pictnre, the matter part of the nntwisted state vertex operator is 

, (3.17) 

where z, z) is given by [Sj 

V^^’°\kL,R;z,z) = (^-kLJdX + ^ • (h.c) . (3.18) 

J is the complex strncture and J± = p ± ij. 

The two twisted - two nntwisted states amplitnde, for untwisted states with momenta ±/cl,k 
and ±Pl,r, is 

At,p,k = j dzdz {ai{zoc)(T 2 {zoc) ^ 
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i (V'<"’”>(pi„r; 2) + 2, z)) ffi(0)ff2(0)) 

{c(z^)c(l)c(0))p . 

(3.19) 


where kL,R ■ = ki ■ X^ + kn ■ X^. 

By using the bosonic helds Green function in the presence of two twist helds we get (see 
appendix E for details) 


Att,p,k = -2 {pLJki) {PRjkR) I {2kL ■ Pl, ‘2kR ■ Pr) + I {-2kL ■ Pl, -2kR ■ pr) 
where 

^Im(D )>0 

When ol — Oh is an integer we may write 


(3.20) 


(3.21) 


/(ol, Oi?) +/( —Ol, —Or) = J dvdv {1 — ^(1—n)“^ ^ 

r(-a^)r(a^)r(i) 
r(0)r(i-aR)r(i + aB) 


(3.22) 


Since k^ ■ pi — kR ■ pr must be an integer for the theory to be modular invariant (as in any 
string theory with a toroidal compactihcation), we can use ()3.22jl to calculate the scattering 
amplitude (FT^ . We thus get 


A 


tt,p,k 


0. 


(3.23) 


All the above is easily generalized to the non-compact background C^/Z 2 by setting pi = pr, 
ki = kR. 


Study of the function I{aL,aR) (see section 1 of appendix E) suggests the following effective 
held theory description. Only two diagrams contribute to the amplitude, both are of the form ttu 
- uuu, but in one of them the intermediate untwisted state has momentum ±(pi-|- /cx^r), and 
in the other it has momentum ±(pr^r — ki^R). Recall that the momentum of an untwisted state 
on the orbifold is dehned only up to a sign. Only the physical poles (with {pl,r ± ki^RY = 0) 
appear, and there is no two twisted - two untwisted states contact term. The contributions of 
the two diagrams are {pjk) {pjk) — {{p ± fc)^)^ /(p i In fact, the u{pi)u{p 2 )u{p-i) vertex 
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with pi,p 2 on-shell and pa off-shell becomes {piJp 2 Y — {piY [S|- Also we have assumed that 
the off-shell ttu vertex is constant. By noting [p — k)^ = —{p + k^, one hnds that the two 
diagrams cancel each other. For the similar reasons, we conjecture that the scattering amplitude 
of two untwisted states with two twisted states vanishes always, including the cases where the 
total untwisted states winding number is non-zero, and where the twisted states are located in 
different fixed points. 


Target Space Picture 


We computed three and four-point functions at tree-level of closed N = 2 strings on C^/Z 2 
and T^/Z 2 orbifolds. These amplitudes can be encoded in a low-energy effective action. It is of 
the same form as that of the unorbifolded N = 2 string jHj, with an additional interaction term 
ttu. We have not ruled out a possible four twisted states contact term tttt. In addition to the 
usual on shell condition = 0 (p| = Pr = 0 for T^/Z 2 ), one imposes the condition that every 
state is Z 2 invariant. Thus, for the C^/Z 2 orbifold the on shell untwisted states are of the form 

^ g-ipX) p2 ^ Q_ 


The low-energy effective action thus takes the form 




\d(j)d(j) + ^ 0 dd(j) A dd(j) -f tt(j) -f 0{tttt) 


(3.24) 


(0 representing an untwisted state and t a twisted one) where the condition that 0 is Z 2 invariant 
is imposed on the external states. Also note that the target-space is smaller now (X* identified 
with —X*). 


3.4 Summary 

We have shown the existence of a single twisted state in the C^/Z 2 and T^/Z 2 orbifolds, and 
computed the low-energy effective action. Unlike the N = 1 superstring orbifold, in the N = 2 
superstring orbifold there is only a single twisted state, so there is only a single (real) modulus. 
It would be interesting to explore the behavior of this modulus by computing the form of the 
twist potential term V(t) in the low-energy effective action. 


4 D-branes in The N = 2 Orbifold 

The consistent D-branes of closed N = 2 strings are of the types (0-1-0), (2-1-0), (0 -|- 2) and 
(2 -|- 2) branes in (2, 2) signature and 0-branes, 2-branes and 4-branes in (4, 0) signature (see [7j 
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for details and for an earlier work on D-branes in the unorbifolded N = 2 string). In this 
section we calculate scattering amplitudes of the orbifold theory in the presence of a D-brane 
located at a fixed point. We then consider the world volume effective theory and compare it with 
the unorbifolded case. Most of the calculations details which are relevant for this section can be 
found in appendices F and G. 

4.1 Two Twisted States Scattering Off D-branes 

We begin by considering twist helds in open strings. Using this, the XX two-point function in 
the presence of two twist helds on the disk is found according to its behavior under the conformal 
symmetries. Finally, the matter part of the two-point function is deduced in a similar method 
to that used in UTI for the closed bosonic string. 

In the closed string the OPEs of the bosonic held with the twist held take the form (omitting 
index i) 

dX{z)a{w,w) {z — , dX{z)a{w,w) ^ {z — , (4.1) 

where r, r are excited twist helds. Consider open strings on the upper half plane, Im^; > 0, 
with the boundary conditions dX{z) = DdX[z) {D = ±1) at z = z. Close to the worldsheet 
boundary, iH) must be corrected by a boundary term. After this correction the OPE takes the 
form 


dX{z)a{w,w) ~ {z — w) ^^‘^{z — w) t{w,w) , 

dX{z)a{w,w) ~ D{z — w)~^^‘^{z — t{w,w) . (4.2) 

For every complex dimension we may thus write 

_ 1 {d^X{z)du,X{w)a{zi, zi)a{z 2 , Z 2 )) _ 

2 {cr{zi,Zi)a{z2,Z2))D2 

{z - z,)-^l\z - zz)-^l\z - zi)-'l^(z - X 

{w - Zi)~^'^{w - Z 2 )~^'^(w - Zi)~^l‘'-(w - Z 2 )~^l‘‘ X g{z,w,Zi,Zi) , (4.3) 

where the function g{z, w, Zi, Zi) is single-valued and is holomorphic in ^ and w. Its form can be 
deduced from the behavior of (Q as z ^ w and under the conformal symmetries of the disk. 

By subtracting l/{z — w)'^ from (14.dj) and taking the limit z ^ w we get the normalized 
energy-momentum tensor expectation value {T{z)a{zi, zi)a{z 2 , Z 2 ))D 2 /^i)<^{z 2 , Z 2 ))d 2 - In 
the limit > Zi, the coefficient of its {z — Zi)~^ term is \\i{a{zi^ Zi)a{z 2 i Z 2 )) 02 - Repeating 
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this procedure for the antiholomorphic part of the energy-momentum tensor and integrating, 
gives the twist fields two-point function on the disk, we get 

{a{zi, zi)a{z 2 , Z 2 ))d 2 = {zi - {zi - Z 2 )~^~^{zi - ^ 2 )“^“^ x (c.c.) . (4.4) 

Where A, B are yet unknown constants. 

Looking at the four twisted states correlation function on (ld.h|l . we see that the OPE of 
two twist fields is of the form (ignoring possible boundary terms): 

a{zi, zi)a{z 2 , Z 2 ) ~ {zi - Z 2 )~^^^{zi - Z 2 )~^^^... (4.5) 

Therefor in (glD one must have B = ^. 

The two twisted states correlation function in the presence of a D-brane is 

Aud = j dzi{a^(T‘^{zi,zi)(T^a‘^{z2,Z2))D2-{.(^~'*'^^‘^{zi)e~Al‘^[z2)e~^^/‘^{zi)e~^^/‘^{z2))D2 
■ l‘^{zx)e~’^ ^‘^{z2)e~^ ^^{zi)e~^ ^^(^ 2 )) l >2 ' {c{z2)c{zi)c{z2))D 2 

= j dzi {zi - ZiY^~^{zi - Z 2 )~^{zi - ^ 2)“^^"^(^1 - Z 2 )~‘^^""Hz 2 - ^ 2 )^ • (4.6) 

This should be invariant under the coordinate transformation 2 ; —^ —1/^, which gives A = — A, 
In fact, this is also necessary in order to ensure that (I13D is invariant under the exchange of the 
twist fields ( 2 : 1 , ^ 1 ) <->■ {z 2 ,Z 2 ). By substituting A = —A into (I4.4|l we see that the open string 
OPE of two twist fields near the worldsheet boundary includes no boundary terms. On the disk 
we may fix Z 2 = i, zi = iy where y is a. real number between 0 and 1. Thus, 

Aud = [ dyy~^^^{l-y)~^ . (4.7) 

Jo 

The integral diverges. The divergence comes from the area of integration ?/ —>■ 1, where the 
two twist fields are close to each other. Note that the leading term of the integrand at this regime 
is (1 — y)~^. This should be expected, because the OPE of the two twisted states located at iy 
and i should be of the form (1 — where p is the momentum of the intermediate state; 

p = 0 contributes the leading term. 

We propose the following low-energy effective action picture: The diagram contributing to 
Aud is a combination of a ttu diagram, and a coupling term of u to the D-brane, with a propagator 
uu connecting them. The coupling of a single u to a D-brane is computed in [7] and found to 
be given by a constant. Recall also that the off-shell ttu vertex assumed to be constant as 
well. Hence the diagram is proportional to J d^~^kD^/k‘]_, where k± is the momentum of the 
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intermediate untwisted state normal to the Dp-brane world volume. This is because both the ttu 
vertex and the D-brane break translation invariance along the normal directions of the D-brane. 
We now interpret that this divergent integral is responsible for the divergent result of Aud- 

Other Amplitudes 

Scattering amplitudes of untwisted states in the presence of D-branes are identical to those 
found in [7] with the appropriate Z 2 invariance taken into account. Thus, instead of each string 
of momentum p, one sums up the amplitudes for a string of momentum p and the amplitudes for 
a string of momentum —p. We hnd that all the amplitudes are unchanged. The only exception 
is the three open string untwisted states amplitude, which is zero in the orbifold theory. 

4.2 Effective World Volume Theory 

The (2 + 2) Brane 

In the unorbifolded theory, the effective theory in the case of the (2 + 2) (space hlling) brane 
is self-dual Yang-Mills coupled to gravity [1^]. The self-dual YM equation reads 

Fij = , (4.8) 

where 

Fjj = -[Di,Dj], Dj = di-Ai. (4.9) 

and (in complex coordinates) 

Ai = e-^‘^Fd.Fv^/2 ^ ^ 

with ip being the open string state. 

In the orbifold theory, the only difference is that now the closed string state is coupled to the 
twisted state. Thus, the effective action should be the same as in na but with the additional 
(fytt term (and possible terms of order F). It reads 

^9050 + ^ 0 ^^0 ^^0 + ttcl) + 0{A) — Tr{dipd(p) + 000 A Tr^pddp) -1- 

(4.11) 

where Z 2 acts on both the target space indices and the Chan-Paton indices, yielding the quiver- 
type gauge theories pU] . 

^Some of these amplitudes were previously computed in m 
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Lower Dimensional Branes 


In lower dimensional branes the unorbifolded world volume theory is a dimensional reduction 
of self-dual Yang-Mills jTj. However, due to (ICTIl) Ai vanish in all directions perpendicular to 
the brane, so that there are no worldvolume fields that correspond to these directions. For the 
(2 -|- 0)-brane the equations of motion now read 

d = 0 , a = 0 , (4.12) 

giving a WZW theory. Closed - open strings scatterring amplitudes vanish, while closed string 
one-point function on D 2 is non-vanishing [7j. Thus, for the (2 -|- 0)-brane the effective world- 
volume theory is a two-dimensional WZW theory with only one coupling to the bulk given by 
the one-point function. 

In the orbifolded theory, we have seen no coupling of open states to twisted states up to the 
level considered (namely, no twisted-twisted-open pole appeared in Aud)- Therefor the effective 
world-volume theory is again a two-dimensional WZW theory, the only difference being the 
target-space identihcation under Z 2 (which changes the world-volume topology as well). 

In the (0 -|- 0)-brane there are no degrees of freedom as Ai vanishes in all directions, and the 
world-volume theory is trivial. 

4.3 Summary 

We have computed twist correlators in the presence of D-branes and discussed the world volume 
effective action. The twisted states exhibit infinite scattering amplitudes off D-branes. We leave 
the further investigation of this to future work. 
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A Free Fields Representation of the N = 2 Superconfor- 
mal Algebra 


The N = 2 super conformal algebra is 


[Tm, Tjj] — (?7l Tl)LjYi+n T ^^TTli^TTl l)(5m+n 

['An? Jn\ 2^^m+n 


[-^n? 'An] "^Jm+n 

[L„,G.±] = (^-»-))g± 

[J„,G,*] = ±G 

{Gf,Gt} = 0 


n+r 


^ib 

^n+r 


- U. 


'r+s 


(A.l) 


— 2Lr+s + {r — s)Jr+s +{ r'^ 

The free helds representation of this algebra reads 

Ln = n-k + ^ ( 2 t - t + , 

3 3 

Li = {2n-m)hmCn-m + {n-m)hmCn-m+{^n-s)(3'^%_^ + {-n-s)(3-'-ii;_^ + a^5n, 

1 1 

/^M+ _ „l, /^M— _ 

^( 2 ^^ + n)(3^_^Cn ± Cn/5^^_n “ 2&n7^-n T ( 2 r - n) 6 „ 7 ^_„ , 


n-t + af 5n , 


Mi 


Li = 7r I3n-r - 7r I3n-r - nCmbn-m + ai5n . 

where n, m e Z, k e Z + (pQ, t ^ Z + ^ + (p + (po, r, s e Z + ^ ± (p. 

And the BRST charge is 

Qbrst = : (if + iii; + y)c-„ : + : 07 + + Y)«-. 

+ : (Gf + + -G 7 ) 7 -r ■ + : (Gf + -Gl Yitr '■ 


(A.2) 


(AA) 


So that 


Ln — {QbRSTi bn} 
Jn = {QbRST-, bn} 


GY = [Q 


BRST, 




±1 


(A.4) 
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B Partition function 


B.l Moduli Integration Measure 
B.1.1 The U{l)v X U{1)a Gauge Transformations 

A Polyakov-type worldsheet description of the N = 2 string is given by the action of two- 
dimensional (2, 2) supergravity. The helds are a graviton, two gravitini and a vector held, inter¬ 
acting with complex scalars X*, and Dirac spinor fermions with i = 1,2. The 

gravitini can be set to zero by the supersymmetry transformations, and in the following we will 
consider vector held conhgurations where the worldsheet instanton number is zero (see e.g. IZQ 
for instanton numbers diherent than zero). We will be working with Euclidean worldsheets. The 
two-dimensional supergravity action reads then 

, (B.l) 

where a = 1, 2, is a real vector held, r“ = cr“ and 

i’L—'4’R ; 4’r = '^L ■ (B-2) 

The index i in X*, (X*, is understood as a holomorphic (anti-holomorphic) index of 

the target space. 

It was pointed out in [221 (in the Lorentzian case) that the two-dimensional supergravity 

action has both axial and vector gauge symmetries, and that they are both required in the gauge 

hxing procedure. Consider the vector and axial gauge symmetries, whose transformations are 
parameterized by the real parameters ay and ctyi, 

A, + i(a,ay + 6,feaV) , d/* ^ , (B.3) 

ei 2 = 1. Dehning w = ai+ ia 2 , 

A = ^ + da , A = A^ ^ A^ + da 

(B.4) 

where a = ay — iaA- Note that A = At. 

The generalization of (lEl for a held O with f/(l) charges Jo, Jo with respect to the gauge 
helds A, A reads 
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(B.5) 


Q _^ ^i{ajQ+aJo)Q 

Here '01 r may be periodic up to the phases 2TT(j)i^R, which is more general than the allowed 
periodicity of the N = 1 superstring. In this case iIjrr are periodic up to the phases —2ncj)L^R. 
However, jEl implies 0' = 0^ = This is consistent with the N = 2 algebra only if the 
supercurrents, the superghosts and anti-superghosts have the same periodicity as the fermions 
of the same U{1) charges. Thus, every held O satishes 

0{w + 27r,w + 27r) = 0{w, w) , (B.6) 

with the same cj)' for all helds. 

B.1.2 Moduli on and Their Measnre 

The vector held H is a two-component held, which may be set to zero by the two gauge transfor¬ 
mations. However, we must consider possible Killing vectors, i.e. gauge transformations which 
do not change A, and moduli which are variations of A orthogonal to the gauge transformations. 

The Killing vectors are found by solving the equation 

daC^V + ^abd'^OLA = 0 , (B.7) 

or equivalently 

da = 0 . (B.8) 

On a compact Riemann surface, the only solution for this equation is a = const., and for all 
closed topologies, there is one complex (or two real) Killing vectors. Therefor, there will be one 
insertion of c (the f/(l) ghost), and one insertion of c in every amplitude. Since the Killing 
vectors are constant, these insertions do not ahect the calculations. 

The moduli are found by solving: 


j (fag^^‘^6A^{daav + eabd^’aA) = 0 , 

(B.9) 

or similarly 


1 d^ag^/\Va{6A-)av + e,feV'(M“)a^) = 0 . 

(B.IO) 

Thus, we have Va(^H“) = 0, eafeV^((5H“) = 0 or equivalently 


d{6A) = 0 , 0(5H) = 0 . 

(B.ll) 
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These equations have no solution on S‘^, and therefor A, A can be set to zero on the 2-sphere. 

On T^, A can be gauge transformed to a complex constant. This can be seen directly by 
expanding A, which is a donbly periodic function, in a sine and cosine series and constructing 
explicitly the gauge transformation function Alternatively, a solution to (IB.lljl is given by a 
holomorphic one form of is thus a (complex) constant. We will therefor have one complex 
modulus. The path integral on the torus worldsheet includes a sum over all conhgurations of the 
gauge helds, which are the constants after gange hxing. 

The fermions obey the eqnations of motion: 

= iA'ipL , d'lpR = iA'ipR , (B.12) 

from which it follows that 

, i^R{w,w) = , (B.13) 

where is holomorphic and is antiholomorphic. Since 'Bl,r{w,w) are trnly donbly 

periodic, the helds V’z, r are donbly periodic only np to the phase shifts 

+ 27rr) = + 27r) = , (B.14) 

with the same phase shifts for as well. We denote the phase shifts by 

6 = —{fA + TA) , (j)=~{B- + A). (B.15) 

It will later be usefnl to dehne u = —9 + 0r, so that A = i{(pT — 9)/2 t2 = 

The same holds for any held with a non-zero 17(1) charge (inclnding the snperghosts). They 
can be written as a holomorphic (antiholomorphic) held mnltiplied by a Wilson line, with the 
holomorphic (antiholomorphic) held being doubly periodic only np to phase shifts 

0{w + 2 tit, w + 27rf) = w) , 0{w + 27r, w + 27r) = w) . 

(B.16) 

Note that any phase shift 0' as in can be absorbed in 0 by a redehnition of the gange held. 

The partition fnnction on the torus is dehned by tracing over all oscillators on the nnit circle 
(the a-cycle) shifted by 27rr, with the non-trivial periodicities ()B.16|) . That along the a-cycle 
(parametrized by the phase shift 27r0) ahects the conformal weight of these operators. One has 
will be expanded in cos{am,nW + am,nw) and siii{am,nW -I- am,nw) where am,n = 2^(^^ + ''^)- 
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to insert the operator e 27rie(Jo+Jo) trace in order to impose the bonndary condition in 

()B.16fl along the /d-cycle. 

Another approach is to add ^ f d^ag^^^l—2(AJ + AJ)] = 27i{uJo + uJo) to the action. These 
two approaches are eqnivalent, as is implied by the eqnality (to be conhrmed later) 


d^TdO {qLOqLo^-2nie{Jo+Jo)\ ^ ^2^^Q^^^J^Lo^Lo^2ni{nJo+uJo)\ 


(B.17) 


Finally we should compute the integration measure. Tracing over cj) and 9 replaces the tracing 
over the gauge held. There is one complex modulus u for the gauge held A. We get 


duA = 


i 


duA 



(B.18) 


The integration measures can now be calculated from the ghost and antighost insertions 




i 

8'KT2 

—i 

8'KT2 


d'^ag^^^bc = ^boCo , 
d'^ag^^^bc = ^boCo . 


(B.19) 


Note that the torus amplitude contains two 17(1) anti-ghost insertions for the one complex 
modulus. The total integration measure for all moduli reads 


-— dudu— ( 6, duA 
At2 47r ' ’ 


dvr 


TT 


6, duA ) c = —d^rdOdcjybQCoboCo . 


(B.20) 


B.2 Oscillators 

B.2.1 Bosons 


Working with the complex coordinates z, z with z = e we may Laurent expand the complex 
scalars: 




^s+l 


Here 


r G Z -p (I)q , s G Z 


(B.21) 

(B.22) 


where 0 < 0o < 1 gives a twist. For a Z^v twist, (pQ = k/N, k = 0,1, ■ ■ ■, N — 1. Similar expansions 
in z hold for BX^ and dX\ but with Bo ~<Po (this is due to the fact that as w ^ w + 2 tt, 
z while h ^ e^'^'^z). 
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The commutation relations read 


'al,al] = 2r6r+sV'^ , 


(B.23) 


and the Virasoro generators take the form 

r£Z+4>o 


Cl 6n 


(B.24) 


The ground state |0)x is defined by 

= d*| 0 )x = 0 , for r > 0 . 


(B.25) 


Note that for 0o = 0, there is a set of states |0;p)x defined by their (complex) eigenvalues under 
(Uq (which are the complex conjugates of the eigenvalues under a^). We denote these eigenvalues 
by for the holomorphic and anti-holomorphic oscillators, respectively. 

For every complex scalar, a can be evaluated in the w coordinates using a zeta function 
regularization: 


®=2 (^ ++ 2 ~ M = - 4>o) ■ 


(B.26) 


For the computation of the N = 2 string partition function we consider two complex scalars, 
and each is expanded in both holomorphic modes and anti-holomorphic modes. For the Z 2 
orbifold, the projection operator is given by "P = (1 -|- r)/2 where r is the Z 2 reflection. In the 
untwisted sector 00 = 0 , and one hnds that in the compact case T"‘/Z 2 , 


tr<^ 


qLo qLQ ^—2-KiO{.Jo+Jo)\ 




r ■ qLo^— 2 iTi 0 {Jo+Jo)'\ 


00 

{p\p) |1 _ g"- 

pgr n=l 

q'rPlq^PR |r/(r)|“® , 
pgr 


pgr n=l 

24 \vir)f 
l^io( 0 ,r)|^ ■ 


(B.27) 


Where p = {pl,Pr) and F is an 8 -dimensional lattice which is self-dual and even under the 
product p ■ p' = Pl ■ p'l ~ Pr ' p'r (this is needed for modular invariance). 
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In the non-compact case C^/Z 2 , p = pi = pr and the sum is replaced by an integral over p. 
{—p\p) = 6‘^{p + p) = 2~‘^6{p), {p\p) = 5^(0) = (27r)“^I^, and we get 


LoRLo^-2TTie{jQ+Jo)\ _ 






= / d^p {p\p) (qq) “ ® n I ^ 




tr^ r ■ q °q °e 


LoRLo^-2TTie{Jo+Jo)\ _ 


n=l 

oo 




= / d^p{-p\p) {qqy‘iP^ 6ni^ + ^ 


(47r2Q;'r2)^ 




n=l 


l^io(0,r)| 


4 • 


(B.28) 


For each twisted sector (00 = 1/2), one gets 

OO 

tr</. = (gg)^ JJ |l 

n=l 

oo 

tr,^ (r ■ g^o^iog-2«e(Jo+Jo)j = 111^ + 


g^-2 




4 ’ 


n=l 


-8 


|4i(0,r)| 

lh(r)r 

|4o(0,r)/ 


(B.29) 


In a compact case there are 2^ hxed points, and therefor 2^ twisted sectors. In the non-compact 
case there is only one twisted sector. 


B.2.2 Fermions 


Each holomorphic complex fermion can be Laurent expanded as follows 




0* 


.r+1/2 


i’Uz) = J2 


i’i 


,s+l/2 


(B.30) 


Here 

rGZ-|---|-0, sGZ-|-- — 0, (B.31) 

where 0 = 0 -|- 0o. 0 is equivalent to 0 -f 1 and we may therefor assume —1/2 < 0 < 1/2. A 
similar expansion in ^ holds for and but with 0 ——0 (due to the same reason as in the 
bosonic helds). 


The anti-commutation relations are 


= ‘2Sr+sV"^ , 


and the Virasoro generators take the form 

1 


Lri 


^(2r - n) : ■ +a5„ 


(B.32) 


(B.33) 
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The ground state |0)^ is defined by 


= V’r|0)v’ = 0 > for r > 0 . 


(B.34) 


Note that for a half-integer 0 there will be 2 different ground states for every complex fermion 
0*, one annihilated by ipQ and the other by 00 These operators may also be used to move from 
one ground state to the other. Totally there are 2^ ■ 2^ such states, for D holomorphic and D 
antiholomorphic complex fermions. All of them appear in the partition function. 

We will calculate the value of a in the w coordinate separately for two cases: 

case (i): 0 < 0 -f | < 1. Then for every holomorphic complex fermion; 


a = 




(B.35) 


case (ii): 1 < 0 -|- f < 2. Then for every holomorphic complex fermion: 


“ = Z (,"+2 + 

n=-l,0, 


^ 5 : ("4 

n=2,3,-" ^ 




(B.36) 


For the computation of the N = 2 string partition function, we take two holomorphic complex 
fermions and two antiholomorphic complex fermions. In the untwisted sector (0o = 0), one may 
use the case (i), which is consistent with —1/2 < 0 < 1/2. One gets 

(^qLoqLo^-2nidiJo+Jo)'^ ^ 

OO 

I r 

1 


n=l 






(0,^) 


tr,^ (^r ■ qLoqLo^-2nidiJo+Jo)'^ ^ 


n=l 


\v{r)\ 




-0 + 1/2 


(0,^) 


(B.37) 
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Note that if 0 = —1/2, the different [/(l)-charges of the fermionic zero-modes must be taken into 
account, but the result is the same. 

In the twisted sector (0o = 1/2), the case (i) is applicable for —1/2 < </ < 0, while the case 
(ii) for 0 < 0 < 1/2. One can see that for —1/2 < (/ < 0, 


tr^ (^g^ogiog-2^ie(Jo+Jo) j ^ 

C50 

1 


n—<t>—1^2-7Tid'j2^-^ _|_ -n—<t>—l^—2iTid'^2^-^ _|_ -n+4>^2TTid'j2 


\v{r)\^ 




n=l 

0+1/2 

-e 


(0,^) 


■ ^Lq -2m6(Jo + Jo)\ _ 


tr 0 yr ■ q °q °e 

OO 

n=l 




,71+0^ —27r20'^2j^-| ^77 — 0 —1^27770^2 _ —71 —0—1 g —27770 ^ 2 ^ _ ^71+0^27770 2 


\v{rW 




0 + 1/2 

-9+1/2 


■ _ q 

4 

( 0 ,r) 


(B.38) 


When O<0<l/2we obtain 


= + . JJ(1 + qn+4>-l^-2^ieY(^i ^ ^ _n-4>^-2nieY(^i + qn+4>-i^2.ieY 


d 


71=1 

0 - 1/2 

-9 


( 0 ,r) 


IhMI' 

tr^ fr ■ g^o^iog-2^ie(Jo+Jo) \ ^ 


\v{r)\ 




0+1/2 

-9 


( 0 ,r) 


= ■ JJ(1 - g^+<A-ie-2"®)2(l - +-+2^*®)2(l - +-+-2^*®)2(i - qn+c^-i^^ntey 


71=1 


Hr)/ 



1 

CM 

T—1 

1 

1 _ 

( 0 , r) 

4 

1 


0+1/2 

( 0 , r) 


-9+1/2 


\vir)f 


-9+1/2 



(B.39) 


Thus we get the same result as in (IB.38|1 . 
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Note that if 0 = 0, the different f/(l)-charges of the fermionic zero-modes must be taken into 
account, but the result is the same. 

B.2.3 Ghosts 

The N = 2 fermionic ghosts consist of two sets of holomorphic and antiholomorphic ghosts. 
One is the usual conformal ghost - anti-ghost pair denoted as {b, c) with A = 2. The other set 
is the ghost and anti-ghost pair (6, c), which is associated with the U{1) gauge symmetry and 
has A = 1. The corresponding antiholomorphic sets are denoted (b,c) and {b,c). There are 
also two holomorphic sets of superghosts, related to the two generators of supersymmetry 
They are denoted (0^,7^) (the sign indicates the 17(l)-charge), and both have A = 3/2. The 
corresponding antiholomorphic sets are denoted (/3^,7^). 

We shall discuss the holomorphic (anti-)ghosts and (anti-)superghosts. A similar discussion 
applies to the antiholomorphic ones, but with 0 —> —0 (as in fermions). A general holomorphic 
ghost (or superghost) system {B, C) with h{B) = A, h{C) = 1—A, obeying BC = —eCB, e = ±1, 
has the following stress tensor: 

T{z) =dBC-X d{BC) . (B.40) 

The mode expansions for [B, C) take the form 

= E . c'(*-) = E ^ ■ (b.41) 

r s 

Here 

r G Z , s G Z , (B.42) 

for the (anti-)ghosts (e = 1), and: 

rGZ-|--±0, sGZ-|--=p0, (B.43) 

for the (anti-)superghosts (e = —1), where the sign in front of 0 is according to their f/(l)-charge. 
The anti-commutation (for e = 1) or commutation (for e = — 1) relations are given by 

{Cs,Br} = 6r+s , [Cs,Br]=6r+s (B.44) 

The Virasoro generators take the form 

Ln = '^{nX - r) : BrCn-r ■■ +a6n ■ (B.45) 


25 



Here a is a zero point energy which depends on the dehnition of the ground state, namely a 
prescription of the operator ordering : The ground state |0)gh is defined as 

-Br|0)gh = 0 , for r > 0 , C's|0)gh = 0 , for s > 0 . (B.46) 


The partition function does not include a sum over the fermionic ghosts zero-modes, because 
of the ghost and anti-ghost insertions in the torus amplitude (as in (IB.20I1 for the U{1) ghosts 
insertions). 

The constant a in the w coordinate reads: 


(1) For each set of holomorphic fermionic ghost and anti-ghost e = -|-1 : 

1 


a = 


-E 

n=l,2,- 


n = 


12 


(B.47) 


(2) For each set of holomorphic superghost and anti-superghost e = —1 : 



E 





(B.48) 


All the (anti-)ghosts and (anti-)superghosts are singlets under the orbifold group, so one 
obtains: 


Zgh — 




9* 


Hd 


^n\4 


n=l 


im) 




11(1 + 9“"’ 




n=l 


= \vir)\ 


12 




-9 


(0,r) 


-4 


(B.49) 


Dependence on the U{1) Charge 

It is easy to see that in all the parts of the partition function calculated above, the 0 depen¬ 
dence enters into Lq, Lq through the form Jq ■ 0 and — Jq ■ 0. Instead of tracing over oscillators 
with different ^’s (and different conformal weights), we may sum only over oscillators with 0 = 0, 
but add _ g27ri(JoT0+Jor</>) tracc, and integrate over 0. Thus the full dependence 

on the f/(l) charge is e^”Ho(-^'+T0)+'^o(-^'+T0)] = ^ 2 iti{Jou+Jou)^ This conhrms flB.17|) . 


26 












C Spectrum of the N = 2 Orbifold 


Different Pictures 

As in the = 1 fermionic string, pictures play an important role in the N = 2 string. 
A picture is dehned by the superghost sector ground state M Three pictures will be mostly 
relevant to us. 

• NS boundary conditions (0 = 0): the ground states in the (—1, —1), and (0, 0) pictures are 
dehned by 

/3±|0)(_i,_i) = 0, forr>l/2 , 7 ±| 0 )(_i,_i) = 0 , for 5 > 1/2 , (C.l) 

0±|O)(o,o) = 0 , for r > -1/2 , 7.^|0)(o,o) = 0 , for s > 3/2 . (C.2) 

• R boundary conditions (0 = —1/2): the ground state in the (—1/2, —1/2) picture is dehned 
by 


0^|O)(_i/2- 1 / 2 ) = 0 , for r > 0 , 7 ^| 0 )(_i/ 2 - 1 / 2 ) = 0 , for s > 1 . (C.3) 

Every state in the (-1,-1) picture has a physically equivalent state in the (0,0) picture, 
which is related to it by the picture changing operator. Its matter part is 12113 ], 

where G^ are the two spin | generators of the N = 2 super conformal algebra. However, the 
converse is not true: not every state in the (0, 0) picture has a physically equivalent state in the 
(-1,-1) picture. 

C.l BRST Analysis: Untwisted Sector 

We will consider only the massless states, since there are no massive states in the spectrum. 
The spectrum of the untwisted sector is found by taking Z 2 invariant combinations of states of 
the unorbifolded theory. We begin by hnding the spectrum of the latter. We will work in the 
holomorphic side. The zero point energy in the (-1,-1), and (—1/2,—1/2) pictures is zero. 
Thus, the massless states in these pictures are at level zero. 

Acting with the BRST charge Qbrst of the N = 2 strings (see j22| and the appendix B) 
on a level zero state |(p), produces a state which includes only ghosts zero modes cq, cq, and in 


27 


addition 7 ^ in the (— 1 / 2 ,— 1 / 2 ) pictnre. Also, every physical state is annihilated by the anti 
ghosts zero modes bo, bo, and in addition in the (—1/2, —1/2) pictnre. Therefor, for |(p) to be 
BRST invariant it is snfficient to reqnire 

boQBRsrl^) = {bo,QBRST}\^) = Lo\lp) = 0 , 

boQBRSrl'^) = {bo,QBRST}\'^) = <^|<^) = 0 , 

PoQbRStI^) = [Po yQBRSr]]^) = = 0 , (C.4) 

with the last eqnation being relevant only for the (—1/2, —1/2) pictnre. In order for \ip) not to 
be BRST exact, it shonld not inclnde ghost zero modes cq, cq and 7 ^. Solving these conditions 
we get for the BRST cohomology: 

• (—1, —1) pictnre: the state |0, with = 0 is annihilated by Lq and Jq. This is a 

massless scalar held [Hj. 

• (—1/2, —1/2) pictnre: dehne the gronnd state by 'Po\Q, fc)(-i/ 2 ,-i/ 2 ) = 0, i = 1, 2. Then the 
state 

fci'i/o|0,fc)(-l/2,-l/2) , (C.5) 

with = 0 is in the BRST cohomology. We will see later that this state is eqnivalent to 
the state | 0 , fc)(_i_i). 

• ( 0 , 0 ) pictnre: here 

-^o| 0 )(o,o) = + /^-i/27i/2)^ |0)(o,o) = ~ l)| 0 )(o,o) • (C. 6 ) 

Therefor the massless states are at level one in this pictnre. 7^2 are now creation operators, 
and we can write any charge zero level one state C>|0, A:)( 0 , 0 ) as 

(^|0, fc)( 0 , 0 ) = a,m7i+/2 V/2™|0^ ^)( 0 , 0 ) , (C.7) 

n 

where On,m has charge m — n, conformal dimension 1 + |(n + m), and does not inclnde 
7 jy 2 oscillators. As we will show, we hnd the following physical states: 

(1) — ki&_i — |0, k}(o,o), plus terms with ghosts oscillators. 

This is the massless scalar in the (0, 0) pictnre. 

(2) (^a!_i - V^ 7 P 2 ^-i^-i/ 2 ) |0)0)(o,o), (dhi - \/ 27 j, 2 &-i' 0 -i/ 2 ) |0,0)(o,o)- ^ Combined with 
their anti holomorphic parts, these are global dilaton, B-field and metric degrees of freedom. 


^For an earlier work on discrete states in TV = 2 strings on a flat background, see m 



Let us see that. First, note that for any physical state of the form ( 1021 ), when it is inserted in 
a scattering amplitude or an inner product, only Oq^ contributes. This is since the oscillators 
annihilate the other parts of the scattering amplitude or inner product. For instance, the inner 
product of 7 ^/ 2 10) ^)(o,o) with itself is zero. 

If C>|0,fc)(o,o) is BRST invariant, it obeys 

G'^1/2C’|0,/c)(0,0) = -[(^ti/2,QBRST]O\0,k)(^0,0) 

= QBRSTPti/2^\0, fc)(0,0) = —QbRStO±i\0, fc)(o,0) + ••• 

= — (^L’^iCi + J^iCi + ^^ 3 / 27 ^ 2 ) ^±i|0) ^)(o,o) + ••• 

= + G%%C^ |0, fc)(0,0) + ... , (C.8) 

where dots refer to terms with ghost oscillators. and are operators of charge ±1 and 
conformal dimension 1/2, and independent of ghost oscillators. C is a number. 0 ±i is a short 
notation for Oo,i and Cii,o. The matter part of G t^^ 2 ^jO,k}(o,o) is and thus 

G^^%0^jO, fc)(o,o) = + J^,B^ + G%%G^ |0, k}^o,o) ■ (C.9) 

O^lO, fc)(o,o) is a level one state with charge zero, and no ghost oscillators. Therefor it is of 
the form 

O^lO, fc)(o,o) = + Pijip- 1 / 2 '^- 1 / 2 ^ |0, ^)(o,o) . (C.IO) 

For k ^ 0, any solution of (1221) is a linear combination of state (1) and the null states 
^(ki<y-i + fcidLi)|0,/c)(o,o) = fc)(o,o), which is the matter part of QbR srb-i\0, k)(^ 0 , 0 ), and 

\iii _i/ 2 ^Li/ 2 | 0 , A;)(o,o) = ^)(o,o), which is the matter part of Qi?i?5T&-i|0, fc)(o,o)- For = 0, 

the solutions of ()(h9fl are linear combinations of (2) and the null state Ji^|0, 0)(o,o). 

The untwisted sector of the theory on the orbifold consists of Z 2 -invariant combinations of 
states (1) and (2). Therefor the massless scalars appear in combinations of the form (|0, fc) + 
|0,-/c)). 


C.2 BRST Analysis: Twisted Sector 

The boundary conditions for the matter helds imply that 5X* are expanded in half integer 
oscillators a^_,_i/ 2 ! “n+i /2 5 ^rid therefor there are no momentum degrees of freedom. -0* and -0* 
are expanded in half integer oscillators in the (—1/2, —1/2) picture, and in integer ones in the 
(-1,-1) and (0,0) pictures. The same holds for the anti holomorphic side. Lq and Jo have 
different normal ordering constants relative to the untwisted sector. 
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• (—1, —1) picture: the normal ordering constant of Lq is +1/2, and condition (I(h4fl cannot 
be satisfied. 

• (—1/2, —1/2) picture: Lq has zero normal ordering constant. The ground state is annihi¬ 
lated by Jo and Gq and is the only physical state. 

• (0,0) picture: the normal ordering constants of Lq and Jq are —1/2 and —1, respectively. 
Therefor the matter part of any physical state takes the form 

(Gjj-aLi/aV’o + Ajdhi/2^o) l^)(o,o) , (C.ll) 

where the twisted sector ground state |cr)(o,o) is annihilated by 'iJjq, i = 1,2. Following the 
steps leading to (HU), we get 

G"%0"k)(o,<„ = + (C.12) 

where A^, have conformal dimension zero and charge two (for the plus sign), and zero 
(for the minus sign). Therefor Cij is proportional to eij and Dij is proportional to rjij, and 
we get two physical states, whose matter parts read 

^+i«-l/2V'ol^)(0,0) = o^oV'ol^)(0+ = , 

^J*idhi/2^^|cT)(0,0) = Gty2\a)(^0^0) . (C.13) 

These states have corresponding states in the (—1,0) picture and in the (0, —1) picture"^ 

V’oV'ol^)(-i,o) , k)(0,-i) • (C.14) 

We will later see that these state are physically equivalent to the twisted ground state in 
the (—1/2, —1/2) picture, and there is only one twisted state. 

C.3 Vertex Operators 

Denote by a* and s*, i = 1,2 , the bosonic and fermionic twist helds for the Z 2 orbifold ini. 
Their OPEs (omitting index i) read 

dX{z)a{w,w) ~ {z — , 'i/j{z)s{w) ~ {z — , 

dX{z)a{w,tv) ^ {z — , '(/(z)s(r(;) ~ (z — ta)^^^T(ta) , (C.15) 

^The ground states in these pictures satisfy EU for one {(3, 7 ) system, and (Q for the other (/3, 7 ) system. 
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where r, r' and t, t' are excited bosonic and fermionic twist fields, respectively. Bosonizing the 
fermionic helds 

V’* = , Hi{z)Hi{w) ~ - log( 2 : - w) , (C.16) 

We obtain s* = Consider next the constrnction of the vertex operators. 

untwisted sector 

The ghost part of the vertex operator corresponding to a state in the (n, m) pictnre is 

y{n,m) ^ ^ ynip- ^^ ^ 7 ^ 

where = dcj)^. 


(—1, —1) pictnre: the vertex operator corresponding to the scalar takes the form 

. y{kiX\z,z)+kiX'-{z,z)) 

(—1/2, —1/2) pictnre: the vertex operator corresponding to the scalar (jC.bjl takes the form 

y{-ll2,-ll2) . . y{ka^(z,z)+hx\z,z)) _ 

(—1,0) pictnre: The matter part of the scalar state in this pictnre is and 

the corresponding vertex operator takes the form 


(z) ■ (h.c)) ■ yikiXKz,z)+hX^iz,z)) _ 


(C.20) 


• (0, 0) pictnre: apart from the one corresponding to the massless scalar, we fonnd additional 
states in the (0,0) pictnre compared to the (—1, —1) pictnre. These are global degrees of 
freedom of the form 

cc • (CijdX^dX^iz, z) + GCdX*ax^ (z, z) + GijdX^dX^{z, z) + G[^dX^dX^{z, f)) . 

(C.21) 

G, G', G and G' are nnmber matrices. 


Twisted sector 

• (—1/2, —1/2) pictnre: the twisted state is represented by the vertex operator 

■ a\z,z)a\z,z) . (C.22) 
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(—1,0) picture: the twisted state (1(1141) is represented by the vertex operator 


y(-m . . (C.23) 

• (0, —1) picture: the twisted state ()(114l) is represented by the vertex operator 

y{0,-l) . g-ir^i/2 ^2^^^ _ ^q_24) 


Spectral Flow 

Spectral flows [21] are automorphisms of the N = 2 SCA. They are characterized by a single 
parameter rj and map the N = 2 generators as 

LI = Ln + r]Jn + 6n , 

0 

Jn = Jn + -V Sn , 

. (C.25) 

A spectral flow operator which implements these transformations takes the form 

= (,-n(.iHi+iH2+^--4>+-hc) ^ + T]bc) . (C.26) 

Note that the U{1) current takes the form 

J = d{iHi + iH2 + 0“ - 0+ - be) = , (C.27) 


and Urj = e-^^. 

Ur^ maps a state in the {n, m)-picture (j(117j) to one in the {n + 7],m — ? 7 )-picture. and rj can 
be regarded as a Wilson line, turned on around the state. In particular, the spectral flows can 
map a state in the (—1/2, —1/2) picture to a state in the (—1, 0) and (0, —1) pictures, but not to 
a state in the (—1, —1). For example, the state (jC.22j) gets mapped to (jC.23j) and (jC.24j) by the 
spectral flow with r] = ±1/2, and the state (j(119j) to (j(120j) by the spectral flow with rj = —1/2. 

Summary 

The untwisted sector consists of Z 2 invariant combinations of the states in the unorbifolded 
theory. These are a massless scalar, and global degrees of freedom which describe the dilaton, 
metric and two-form held. The twisted sector consists of one twisted state, described, for instance, 
by the twisted ground state in the (—1/2, —1/2) picture. 
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D Four Twisted States Scattering Amplitude 


D.l Finiteness and Invariance Under Crossing Symmetry 


By using 


one finds that 


X 


= dt{r)/et{T\ F{x) = el{r\ i-x = el{r)/et{T). 


(D.l) 


Amt — 


dxdx 


|l(l-l)|-‘‘/3|«2(T)»3(T)»4(r)r®'= 


T|(a:, x) 


^-^[v2‘V2-ri{viV2+viV2)+\T\'^vivi] 

ViGAc,V2GA / 




~^[v2V2-ti{viV2+v\V2)+\t\^viv-i\ 

O 2 


(D.2) 


M^)frKx,x) 

With this, crossing symmetry is manifest: The transformations r —*• —l/r and r —> r + 1 amount 
to a: —>• 1 — a: and x ^ x/{x — 1 ), respectively. 

We will now show that (111 is hnite. Because of crossing symmetry, it is enough to show that 
the integral converges at x —0. In this limit F{x) —>■ 1 and r(x) ~ —Mn(^). For simplicity 
we assume £2 = 0 and that both complex dimensions of the have the same radius R, with the 
sum over v\ 2 , hj 2 (* = 1) 2) replaced by a sum over the integers or half-integers n ^2 (h = 
so that VI 2 = 2R{n\ 2 + inf 2, ''^ 1,2 + & Z + and G Z -|- ^ 63 . 

Taking x = re*"^, the integral in dH over a small disk of radius tq < 1 around x = 0 is 

^ ^ g Mr%) ln(r/16)(nD^ 


r2Tr 


rro 


n J dip I dr 


0 rln^(r/16) 


= TT 


f>2iT pyo 

dy 


"■1,2^^+ 2 ^1,3 




2''1,3 


< 71 




< 


E 

EZ 

477^ Y 
<e2 

n'i'ez 


/»27r 

I 

C VO ^ I 


dip 


E 


ryo 




rij TZ+itg —n^'yj/TT 


e yo^ 


r27T _ pyo 

dip Y dy 

^0 u. f ^rw ^ 


,2 

e ^0 


—K? 

yn ' 4 ^ 


yo+ Y 


I — g-Di?)^3/o(n^ ') 


Vz lor ')^ 

< ez-{o} 


< 


Stt _«i(n,M)2 I 2 

— )_^e . I vr^ 


-R^z/o + ^ 


< 'ez-{o} 


r '\2 


= finite . 


(D.3) 
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We substituted y = — , and defined yo = — In the third line we defined ' = 

— n^ip/'K^ and in line four we replaced ' by their integer values. 

Note that the result is finite for a (4, 0) signature. For a (2, 2) signature there will be infinite 
values of and ' for which their square is zero. However, the divergence of the amplitude 
in the (2, 2) signature is the usual divergence of the path integral in Minkowski space, and the 
amplitude should be calculated by wick rotating it to the (4, 0) signature. 

Atm is finite in the non-compact orbifold C^/Z 2 as well. In the limit x —>■ 0, F{x) —> 1 
and T 2 r\j — In(J^). Therefor in ()d.l2|l the leading singularity of the integrand around x = 
0 is The integral converges in this area, since dxdx/{\x\\n\x\f ~ dr/rhAr = 

d{—l/ Inr), where r = |a;|. Using crossing symmetry for exploring the other non-trivial limits of 
this integrand, we see that inm) totally converges. 


D.2 Poles 


We shall see which poles in exist in the amplitude Amt in hs form (ld.9|) . 

In the limit a: —> 0, 

F{x) = 1+ \x + ... , F(1 — x) = —— (ln(a;/16) -I- ^a;[ln(x/16) -I- 2] -I- ... ] . (D.4) 

4 TT \ 4 J 

In particular w{x) ~ x/16 as x —>■ 0. Every term of the sum in the integrand of can be 
expanded around x = 0 in powers of x and x, so that the contribution of a small disk of radius 
a, T*(a), around x = 0 is, up to the p phase 



fc =0 


dxdx ^-l+(p-./ 2 )V 2 . ^ ^ 

n=0 

pa ^ 

= 27r / V AnAkS, 

Jo 


^n—k-\-p-v 


27rJ2 


22, (2(P+'''/2)^-l-2n 


~t{p + n/2)2 -9 2n 

71=0 ^ ' ' 


n.k=0 


A A 

-^n-^n-hp-v 


“ ^{p-v/2)^+2k 

(n - -, ou^k-p-vAk ■ (D.5) 


k=0 


{p - n/2)2 + 2k 


An, Ak are constants which depend only on (p -|- v/2)^ and {p — n/2)^, respectively. In the 
second line of ()D.5fl we changed variables to polar coordinates, and the 5-Kronecker arises from 
integrating over the angular coordinate. 

Equation (ID.5jl is a sum over poles of the form [p -|- v/2)^ + 2n (or (p — n/2)2 -|- 2k). If for 
every n > 0 is proportional to {p + v/2)^ F 2n, which also means that for every k > Q Ak 
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is proportional to {p — n/2)^ + 2k, then the residnes of the poles with n 7 ^ 0 or fc 7 ^ 0 vanish. In 
order to see that this is indeed the case, it is snfficient to check that (ID.5f) has no such poles in 
the case n = 0. We checked this explicitly for 0 < n < 20 

If has poles only a.t n = k = 0, then these poles are at {p + n/2)^ = {p — — 0- 

Equivalently, the poles are at p\ = p\ = 0. We find that Aq = Aq = Equation (ID.51) 

takes the form 

27r ( 5 p 2 _p 2 ^ + f{a,pl,p\) (D. 6 ) 

Pl 

where / has no poles in p\. 


E Two Twisted and Two Untwisted States Amplitude 


We start with 

Aa.r.k = J dzdz{a,{z^)a2{z^) i 

I (r<»’“>(PL.R; z) + -z)) a.(0)a70)) 

.|(e-<A+hoo)/2g-<A+(«;)g-<>+(0)/2^ (e-^-hoo)/2g-,^-(«;)g-^-(0)/2^ (c(zoo)c(m;)c(0))P , 

(E.l) 


where k^R ■ = kL-X^ + kR- X^. 

Taking Zoo —>■ 00 , the ghost part is l^^ool, canceling the matter part at this limit. It is easy to 
see that the fermionic helds in do not contribute to the amplitude, and so we are left with; 

^ j dzdz \z^\{ai{z^)a 2 {z^) {plJOX) (pRjdX) 

cTi(0)a2(0)) . (E.2) 

We need to calculate the bosonic helds Green function in the presence of two twists. In order 
to simplify the notation, we will work in one complex dimension. The Green function is dehned 
as 

G{z,z,w,w) = {a{oo) X{z,z) X{w,w) a{0)) 

®For example, for n = 1, 2 we get Ai = ~^((p + '>j/2)‘^ + 2) and 

A 2 = 2-2(p+’'/2)"-7(4(p + y/2)^ + 13) • {{p + v/2f + 4). 
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= -2 


dzdwg{z,w)+ / dzdwh{z,w)+ / dzdwh{z,w)+ / dzdw g{z,w) \ , 


g{z,w) = --{a{oo)dzX{z)d^X{w)a{0)) , 

h{z,w) = -^{a{oo) dsX {z)dujX{w) a{0)) . (E.3) 

Note that {a(cx)) (j(0)) = lim;,^^oo \zoo\^^'^{( t{zoo)(t{^)) = 1- 
Define 

g{z,w,Zi,Zi) = ~{a{zi,zi)dX{z)dX{w)a{z2,Z2))/{(T{zi,zi)a{z2,Z2)) , 

h{z,w;zi,zi) = -^{a{zi,Zi)dX{z)dX{w)a{z2,Z2))/{a{zi,Zi)a{z2,Z2)) , (E.4) 

and g{z,w) = g{z,w, oo,0), h{z,w) = h{z,w,oo,0). Using the behavior of dX as z,w Zi, 
and the fact that g has a double pole with residue one as z ^ w (and no single pole), while h 
has no such poles, and using the transformations of g, h under the coordinate transformations 
{z ^ z + a), {z ^ \ ■ z), we find that 

g{z,w,Zi,Zi) = {z - ZxY^I‘^{z - Z 2 )~^l'^{w - zi)~^l'^{w - Z 2 )~^l'^ 

\z - Zx){w - Z 2 ) {z - Z 2 ){w - Zx) , 

2(z-wf ^‘1 

h{z,w]Zi,Zi) = {z - Zi)~'^^‘^{z - Z 2 )~^^‘^{w - Zi)~^^‘^{w - Z 2 )~^^‘^B{zi,Zi) . (E.5) 

By using the transformations of g, h under the coordinate transformation {z —> —1/z), we 
see that A = B = 0. Setting Z 2 = 0 and 2:1 —> cx), we have 


g{z,w) = z-^/^w-^/^- 
h{z,w) = 0 


z + w 
2{z — wY ’ 


(E.6) 


So we arrive at 


G{z, z,w,w) =—2 { / dzdw g{z,w) + / dzdw g{z,w) ] = —21n 


w 


1/2 _ yl/2 '2 


W 


1/2 ^ ^ 1/2 


+ U . (E.7) 


The constant C is zero. This can be seen by computing G{z, z, w, w) using the state-operator 
correspondence 


—m+1/2 


-n+1/2 


G{z,z,w,w) = {a\X{z,z)X{w,w)\a) = - ^ {a\am-i /2 - -^7z^n-\/2 -^ 77 : 1^) + (c-c) 

—m-|-l/2 —n-I-1/2 

m,nGZ ' ' 


,__ ^-m+1/2^ ,m—l/2 

2 ^2 -vr::-1“ (c.c) = —2 In 


m>0 


m — 1/2 


y;l/2_^l/2|2 


W 


1/2 ^ ^1/2 


(E,8) 
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Expression ()E.8f) splits into the holomorphic Green fnnction X^Xl and the antiholomorphic 
Green fnnction X^Xr. We denote them by G{z,w) and G{z,w), respectively. The matter 
part of the two twisted two nntwisted states scattering amplitude can then be calculated by the 
contractions of the bosonic matter helds using G{z,w) and G{z,w) jT2j. Recalling that we have 
two complex dimensions, we get 


Mz^)a2iz^) e^PLxH^) ai(0)a2(0)) = 

and similarly for the antiholomorphic side. 


y^l/2 _ ^l/2 \ 

wl/2 + ^1/2 ) 

(E.9) 


Every insertion of dX1{z), dXl{z), dX]^[z) or dX\^[z) results in multiplying the result of 
(iKll by 

ikid,G{z, w) = -2ikiw^/^z-^^y{z - w) , (E.IO) 

and its corresponding conjugates, respectively (due to its contraction with 

Note that the on-shell conditions= 0 implies that 2kL-pL = {kL+PiY = —{kL—PhY- 
Therefor the r.h.s of ()E.9jl diverges in the limit ^ —>■ (1 ±ze)tc for [ki ±Pl)^ < 0. It is instructive 
to compare this with the unorbifolded OPE 


{w){z) ^ _ ^Y’^L+PL)^/‘2^i(kL+PL)X^ 


(E.ll) 


which diverges for {k^ -|- p^Y < 0 in the limit z ^ w, and represents the appearance of an 
intermediate state of (left) momentum pi + ki. On the orbifold a similar thing happens, but 
two intermediate states appear, rather than one. In the limit z ^ {1 + ie)w, X^{z) X^{w). 

Thus, the untwisted states in the l.h.s. of ()E.9jl combine to an intermediate state , of 

left momentum ki + pi. In the limit z —>■ (1 —ie)tc, X^{z) —> —X^{w), and the untwisted states 
in the l.h.s. of ()E.9fl combine to an intermediate state of left momentum ki —pi- A 

similar discussion holds on the antiholomorphic side. Therefor, the untwisted states combine to 
form a state of left and right momentum ki^R + Pl,r, and a state of left and right momentum 
kL,R — Pl,r- This is to be expected, since every untwisted state of momentum pi pi includes also 
a piece carrying momentum —Pl,r-, since its vertex operator is 

Fixing tc = 1 we get 


Att,p,k = - dzdz {pLJki) {pRjkn) 


,-1/2 


1 + zV2 ) I 1 + ^1/2 


- 1/2 \ ‘ikR-pR 


+ iPL,R ^ -PL,r) + {kL,R ^ -kL,R) + {PL,R, ki^R ^ -PL,R, -kL,R) 
= -2 / dzdz (pLJki) {pRjkR)\z{z - 
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Denote 


X _ ;2l/2 \ /X — fl/2\ /X — ^l/^N /X— fl/2 

+ 


1 + ^V 2 


1 + ^ 1/2 


1 + ZV 2 


1 + fl /2 


—2kjtpii' 


where 


I{aL,aji)= I dzdz\z{l — z) 


2|-1 


X_^l/2X“i /X_^l/2 


1 + z^l‘^ ) V 1 + z^!"^ 



(E.12) 

Pr, -2kR-pR) 

, (E.13) 


(E.14) 

f 71/2 J • 

= we have 

z'Y^-\l + z')- 



Then, substituting z' = z^!’^ (with z' in the upper complex plane), v = we have 

I{aL,aR) = 4 / dz'dz {1 — z')°'^~^{l + z')~°'^~^{. 

Jlin{z')>0 

= / rfnhh(l. (E.15) 

Jlin{v)>0 

Taking ai^ji —*• is equivalent to the exchange v ^ 1 — v. When qr — gr is an integer we 

may write 

/(ol, Or) +/(—ol, —fli?) = [ dvdv (1 — 


r(-a^)r(a^)r(i) 
r(o)r(i-aK)r(i + aR) 


(E.16) 


Since ■ pr — kR - pr must be an integer for the theory to be modular invariant (as in any 
string theory with a toroidal compactihcation), we can use ()E.16f) to calculate the scattering 
amplitude (jE.13jl . We thus get 

^tt,p,k = 0 . (E-17) 

All the above is easily generalized to the non-compact background C^/Z 2 by setting pi = pr, 
ki = kR. 


E.l Study of/(a^, ax?) 


We may perform the integration in I{2kL -pi, ‘2kR-pR) as follows. Taking u = 1 — v and denoting 
aL,R = 2kL,R ■ Pl,r = {kL,R + Pl,rY, then for qr 7 ^ a^, 

I{,CLR^aR) = f duduu°'^~^{l — = f dxdxx^^~^x'^^~^ 


' lm(w)<0 

p27V 


r-R 


cirr“^+“«-i = -i- 


Jn{aL-aii) 


ol — Or 


'Im(3;)<0 

rR 

I = 0 ,(E.18) 
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where we have substituted x = and later changed to polar coordinates. The result is zero 
because must be an even integer. We thus see that I has no contributions from 7 ^ gr. 

For ql = ttR = a 


I {a, a) = 


' lm(ii)<0 


dudu\u 
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'lm{x)<0 


dxdx\x 


2a-2 


dxdx\x 


|a:|<l,lm(a:)<0 
ri 
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»1 


+ / dxdx\x 

J |a:|<l,lm(a:)<0 


-2a-2 


= TV dr r +71 dr r 

Jo Jo 


-2a-l 
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2a 


= 7T- 


2a 


1 2a 

+ TT- 

0 —2a 


(E.19) 


where we have substituted x = in the hrst line, x —l/x in the second term of the second 
line, and r = |x| in the last line. 

The hrst term in the result of ()E.19jl is a pole at a = 0 with the branch cut at a < 0, coming 
from the limit u — 0 (or z —>• 1 + ie). a = {pi + = {pR + kR^, so this corresponds to an 

exchange of an untwisted state of left and right momenta pi + kijPR + kR with {pi + kiY = 
{Pr + kRf = 0 . The second term in the result of (IE.19jl is a pole at a = 0 with the branch cut 
at a > 0, coming from the limit u —> 1 {or z —>■ 1 — ie). —a = {pi — = {pr — kR)'^, so this 

corresponds to an exchange of an untwisted state of left and right momenta pl — ki^PR — kR 
with ipi — ki)'^ = ipR — kR)'^ = 0. Identical poles arise from J(—■ pi^ —2kR ■ pr). Therefor 
only poles in {pip ± ki^R)"^ = 0 contribute to the scattering amplitude. 


F Twist Fields in Open Strings 


Consider open strings on the upper half plane, Imz > 0, with the boundary conditions dX{z) = 
DdX{z) {D = ±1) at z = z. Close to the worldsheet boundary, ()4.1jl must be corrected by a 
boundary term. We may write: 

dX{z)a{w,w) ^ fi{z,w,iv)T{w,w) , dX{z)a{w,iu) f2{z,W,w)T{w,w) . (F.l) 

/i ,2 must be multiplied by —1 as z (z) rotates around w {w). Since a{w,w) corresponds to the 
unexcited twisted state we must have 

fi{z,w,iu) = {z - hi{z,w,w) , f 2 {z,w,w) = (z - h 2 {z,w,w) , (F.2) 

such that 


hi{z,w,w)\z^w = finite , h 2 {z,w,w)\z^w = finite . 


(F.3) 
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The boundary conditions now imply 


hi{z,w,w) = {z — w) 

h 2 {z,w,w) = i{z — h{w,w) . (F-4) 

and f{w,w) = —iDT{w,w). One can take h{w,w) = {w — so that the OPE reduces to 

that on as z —> tc. We then have 


dX{z)a{w,w) ~ {z — w) ^^'^{z — w) t{w,w) , 

dX{z)a{w,w) ~ D{z —'w)~^^‘^{z — t{w,w) . (F-5) 


G Two Twist Fields Correlation Function on D2 


For every complex dimension we may write 

_ 1 {d^X{z)d^X{w)a{zi,Zi)a{z2,Z2))D^ _ 

2 (cr(2;i,Ti)cr(2;2,T2))D2 

(;^ - z,)-^/\z - Z2)-^l\z - z,)-^l\z - ^ 2 )-'/^ X 
{w - Zx)~^l'^{w - Z 2 )~^l‘^{w-Zx)~^l’^{w-Z 2 )~^l’^ X g{z, W, Zi, Zi) , (G.l) 


where the function g{z,w, Zi,Zi) is single-valued and is holomorphic in 2 ; and w. As z ^ w the 
correlation function must have a double pole with residue one, and no single pole. Thus, it should 
behave as ~ 1 /( 2 ; — w)"^ plus hnite terms. 

jsm) must be invariant under worldsheet translations parallel to the worldsheet boundary 
{{z,z z + a,z + a for real a). After performing the coordinate transformations z—1/z, w—> 
— 1/w and z —> Az, w —> Xw (for real A) ()(hl|l must be multiplied by z'^w'^ and A“^ respectively. 
Thus 


g{z,w,Zi,Zi) = 

+ 

+ 

+ 


—-- Zi){z - Z2){w - Zi){w - Z2) + {z- Zi){z - Zi){w - Z2){w - Z2) 

b[z — wY 

{z - Zi){z - Z2)(w - Zi)(w - Z2) + {z- Zi){z - Z2){w - Zi){w - Z2) 

(z - Zi)(z - Z2)(w - Zi)(w - Z2) + (z - Z2)(z - Z2) (w - Zj) (w - Zi)] 

A[zi — Z2)(zi — Z 2 ) + B(zi — Z2)(zi — Z 2 ) , (G.2) 


where A and B are constants. Subtracting l/(z — w)^ and taking the limit z ^ w we get 

{T{z)a{zi, zi)a{z 2 , Z 2 )) _ 

{a{zi, Y)(ziz2, Z 2 )) 
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- ^[{z-Zi) ^{z-Z2) ^ + {z-Zi) ^{z-Z2) ^ + {z-Z2) ^ {z - Z2) ^ 

+ {z- Zi)~^(z - Zi)~^ + {Z- Zi)~^(z - Z2)~^ + {Z- Zi)~^{z - Z2)~^] 

+ g [(^ ~ ^1) ^ + (^ ~ 2:2) ‘^ + (z — Zi) ^ + (z — Z2) 

+ {z- Zi)~^{z - Z2)~^{z - Zi)~^{z - Z2)~^ iA{zi - Z2){zi - Z2) + B(zi - Z2){zi - Z2)) • 

(G.3) 


In the limit z —> Zi, the coefficient of {z — Zi) ^ is the twist held conformal dimension 1/8, and 
the coefficient of the {z — 2 : 1 )“^ term is dz^ \n.{a{zi, zi)a(z 2 , Z 2 ))d 2 - Therefor, 


dz^ ln((T(2:i, 2;i)a(2:2, Z2))d2 


+ 


1 

12 


((zi — 2:2) ^ + {zi 


^ 1 ) ^ + (^1 — 2 : 2 ) 



(G.4) 


Repeating this procednre for the antiholomorphic part of the energy-momentnm tensor and 
integrating, we get 


{a{zi,Zi)a{z2,Z2))D2 = {a -12 (2:1-^2) ^ - ^2) x (c.c.) • (G. 5 ) 


We have used the fact that the holomorphic and antiholomorphic parts must have the same 
constants A, B so that T{z) = T{z) on the worldsheet boundary. 
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